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We study the proposal by Bredberg et al. (1006.1902), where the fluid is defined by the
Brown-York tensor on a timelike surface at r = rc in black hole backgrounds.We consider
both Rindler space and the Schwarzschild-AdS (SAdS) black hole. The former describes
an incompressible fluid, whereas the latter describes the vanishing bulk viscosity at
arbitrary rc. Although the near-horizon limit of the SAdS black hole is Rindler space,
these two results do not contradict each other. We also find an interesting “coincidence”
with the black hole membrane paradigm which gives a negative bulk viscosity. In order to
show these results, we rewrite the hydrodynamic stress tensor via metric perturbations
using the conservation equation. The resulting expressions are suitable to compare with
the Brown-York tensor.
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1. Introduction and summary
According to the AdS/CFT duality [1–4], an AdS black hole is dual to a strongly-coupled
large-Nc plasma. But as is well-known, it is an old idea that a black hole describes a fluid.
There are at least three formulations which realizes this idea:
(1) Historically, the membrane paradigm [5, 6] is the oldest one. In this case, the fluid lives
on the stretched horizon r → r0. However, the membrane paradigm has the unpleas-
ant features to interpret as a fluid such as a negative bulk viscosity. The membrane
paradigm originally focuses on the (3 + 1)-dimensional asymptotically flat black holes,
but asymptotics should not matter much since it focuses on the near-horizon limit.
(2) In the AdS/CFT duality, the dual fluid “lives” at the AdS boundary r→∞. The
advantage of the AdS/CFT duality is a clear microscopic interpretation for the dual
fluid. The AdS/CFT results are widely used for real-world applications such as the
quark-gluon plasma. (See, e.g., Refs. [7–9] for reviews.)
(3) More recently, Bredberg, Keeler, Lysov, and Strominger (BKLS) [10, 11] proposed
the timelike surface at arbitrary position r = rc for the “boundary” where the fluid
lives (See also, e.g., Refs. [12, 13]). The BKLS approach is analogous to the holo-
graphic renormalization. In the near-horizon limit, the BKLS approach describes an
incompressible fluid.
c© The Author(s) 2012. Published by Oxford University Press on behalf of the Physical Society of Japan.
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Another closely related idea is a “black hole in a cavity” [14]. This idea was proposed to
obtain a well-defined thermal equilibrium for asymptotically flat black holes such as the
Schwarzschild black hole. The Schwarzschild black hole has a negative heat capacity, so
it is unstable by Hawking radiation. However, if the black hole is surrounded by a finite-
temperature cavity, and if the cavity is close enough to the horizon, a thermal equilibrium
is achieved. In a sense, the BKLS approach is an AdS black hole in a cavity.
While each approach has a different motivation and physical interpretation, they have one
thing in common: they all employ the Brown-York tensor [15] as the fluid stress tensor.
Thus, they are somehow related to each other.
Both in the membrane paradigm and in the BKLS approach (in particular in Ref. [11]), one
often starts to identify the velocity field of the fluid in the bulk spacetime. This has its own
advantage that the relation between the Einstein equation and the Navier-Stokes equation
is direct and transparent. On the other hand, this brings us to an immediate problem of why
a particular vector field should be regarded as the velocity field. So, we do not take such a
path.
◦ Instead, we consider metric perturbations and study the (linear) response of the Brown-
York tensor by the perturbations a` la AdS/CFT duality.
◦ In hydrodynamics, the velocity field is determined from the metric perturbations (Sec. 2).
Then, one can eliminate the velocity field completely in the hydrodynamic stress tensor.
The resulting expression contains metric perturbations only, which is suitable to compare
with the Brown-York tensor. In our approach, the velocity field is a consequence of metric
perturbations.
One purpose of this paper is to reexamine the BKLS approach using the above formulation.
In particular, we study the issue of the bulk viscosity ζ, which is non-negative in the
AdS/CFT duality, negative in the membrane paradigm, and is irrelevant in the BKLS
approach (because of an incompressible fluid). For that purpose, we consider the sound
mode perturbations whose analysis was somewhat incomplete in Ref. [10].
We study Rindler space, which is the near-horizon limit of black holes with nondegenerate
horizon, and the five-dimensional Schwarzschild-AdS black hole (SAdS5)
1. The near-horizon
limit of the SAdS5 black hole is Rindler space (Sec. 5). So, one expects that the bulk viscosity
for the SAdS5 black hole agrees with the Rindler result in the limit rc → r0. In the AdS/CFT
duality, the bulk viscosity for the SAdS5 black hole vanishes in the limit rc →∞ because of
the scale invariance of the geometry. However, when rc 6=∞, the stress tensor for the SAdS5
black hole is no longer traceless [Eq. (52)], so one must examine the bulk viscosity in this
case. Our results are summarized as follows:
(1) For Rindler space, the Brown-York tensor gives an incompressible fluid in accordance
with the BKLS result (Sec. 3).
(2) For the SAdS5 black hole, the Brown-York tensor always gives the vanishing bulk
viscosity irrespective of the boundary position rc (Sec. 4).
1While our work was in progress, there appeared preprints which study Rindler hydrodynamics
[20–22].
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(3) There are no contradictions between two results since the hydrodynamic regime used
for the SAdS black hole “differs” from the hydrodynamic regime used for Rindler space
(when expressed in terms of the SAdS variables) (Sec. 5).
We also find an interesting “coincidence” with the membrane paradigm in the Rindler anal-
ysis. If one does not take into account a constraint equation of the Einstein equation (in
hydrodynamics, this corresponds to not taking the continuity equation into account), one
would get the negative bulk viscosity in accordance with the membrane paradigm (Sec. 3.3).
The precise relation to the membrane paradigm is not clear and is left to a future work. In
addition, we obtain one of the second-order hydrodynamic transport coefficients τpi for the
SAdS5 black hole in the BKLS approach.
2. Linearized hydrodynamics by metric perturbations
2.1. Homogeneous perturbations
The basic hydrodynamic equation is the conservation equation
∇µT µν = 0 (1)
(or the continuity equation and the Navier-Stokes equation). In (3 + 1)-dimensions, there
are 4 equations whereas the stress tensor has 10 components. Since the equation of motion
is not closed, one introduces the constitutive equation2:
T µν = (ε+ P )uµuν + Pgµν + τµν , (2)
τµν := −PµαP νβ
[
η
(
∇αuβ+∇βuα − 2
p
gαβ∇λuλ
)
+ ζgαβ∇λuλ
]
, (3)
where Pµν := gµν + uµuν is the projection tensor, η is the shear viscosity, and ζ is the bulk
viscosity. In other words, one chooses the velocity field uµ and the pressure P as the basic
hydrodynamic variables. Note that ε and P are not independent; rather they are determined
by an equation of state. We choose P as the independent variable. We assume ε = ε(P ) and
use c2s = ∂P/∂ε, where cs is the speed of sound. Then, there are 4 degrees of freedom in
(3 + 1)-dimensions (three from uµ because of u2 = −1 and one from P ), and the equation
of motion is closed.
In equilibrium, there is no spatial flow, so one can take the rest frame ui = 0. Then, one
has
T tt = −ε¯ , T ij = P¯ δij , (4)
where “ ¯ ” denotes an equilibrium value3.
When one adds external gravitational perturbations hµν , the hydrodynamic variables P
and ui have responses following the conservation equation. By solving the conservation
equation, one can determine the responses. For hydrodynamic computations, we always
2We use µ, ν, . . . for the (p+ 1)-dimensional boundary coordinate indices. The boundary spatial
coordinates xi are also denoted as xi = (x, y, z) for p = 3. We use indices a, b, . . . for the spatial
coordinates transverse to z.
3 In this paper, we consider T µν , the stress tensor with one upper and one lower indices, which is
convenient to compare with the Brown-York tensor (Sec. 3.1).
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use the Minkowski background g¯µν = ηµν . We consider metric perturbations of the form
hµν(t, z) = h
µ
νe
−iωt+iqz . (5)
Then, the metric perturbations are decomposed as the tensor, shear and sound modes. We
consider the sound mode, which consists of
htt , h
a
a = h
x
x , h
z
z , h
z
t (6)
(no summation over the index a). The metric becomes
ds2 = −(1 + htt)dt2 +
∑
i
(1 + hii)dx
2
i + 2h
z
tdtdz . (7)
We write the responses as
P (t, z) = P¯ + δPe−iωt+iqz , ui(t, z) = δuie−iωt+iqz , (8)
and ε(t, z) = ε¯+ δεe−iωt+iqz . Accordingly, the stress tensor has the response
T µν(t, z) = T¯
µ
ν + δT
µ
νe
−iωt+iqz . (9)
We first consider homogeneous perturbations q = 0. Since u2 = −1, ut = 1− htt/2 (one
can set ua = 0). From the conservation equation ∇µT µν = 0, one gets
iω
{
δε +
ε¯+ P¯
2
hs
}
= 0 , (10)
iω(ε¯+ P¯ )(hzt + δu
z) = 0 , (11)
where hs :=
∑
k h
k
k is the spatial trace. Then, δT
µ
ν becomes
δT tt = −δε =
ε¯+ P¯
2
hs , (12a)
δT zt = (ε¯+ P¯ )h
z
t , (12b)
δT ij = δP (h)δ
i
j + iηωh
i
j − i
(
η
p
− ζ
2
)
ωhsδ
i
j , (12c)
where
δP (h) = c2sδε = −
ε¯+ P¯
2
c2shs . (13)
These expressions may be familiar to readers. For instance, see App. A of Ref. [16] for
δT ij. However, the inhomogeneous perturbation case (q 6= 0) in the next subsection is more
involved and deserves close inspection.
Anticipating the bulk results in the following sections, let us consider the cs →∞ limit.
In the cs →∞ limit, the continuity equation (10) becomes
iωP¯hs = 0 . (14)
The cs →∞ limit is rather special. In this limit, the conservation equation gives a condition
for the perturbations instead of a response. In order that time-dependent perturbations are
allowed, the spatial perturbations must be traceless. Or the fluid must be compressible for
generic time-dependent homogeneous perturbations. Then, one obtains
δT tt → 0 , (15a)
δT zt → (ε¯+ P¯ )hzt , (15b)
δT ij → iηωhij . (15c)
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2.2. Inhomogeneous perturbations
We turn to inhomogeneous perturbations q 6= 0. Again take ut = 1− htt/2. For q 6= 0, the
continuity equation becomes
−iω
(
δε
ε¯+ P¯
+
1
2
hs
)
+ iqδuz = 0 . (16)
Combining this with the Navier-Stokes equation gives
δuz =
ω
q
c2sq
2
c2sq
2 − ω2 − iΓsωq2
[
1
2
hs +
ω
c2sq
hzt −
htt
2c2s
− i
c2s
{
1
2
(
ζˆ − 2
3
ηˆ
)
ω(hxx + h
y
y) +
Γs
2
ωhzz
}]
, (17a)
δP = (ε¯+ P¯ )
c2sq
2
c2sq
2 − ω2 − iΓsωq2
[
−1
2
htt +
ω
q
hzt +
ω2
2q2
hs + iηˆω
(
hxx + h
y
y
)]
, (17b)
ηˆ :=
η
ε¯+ P¯
, ζˆ :=
ζ
ε¯+ P¯
, Γs :=
1
ε¯+ P¯
(
4
3
η + ζ
)
, (17c)
where Γs is the sound attenuation constant. Also, these are momentum-space expressions so
are complex; in real-space, they are real.
Having written down all hydrodynamic variables via metric perturbations, we are ready
to express the hydrodynamic stress tensor via metric perturbations only. The full expression
is rather cumbersome, so we give the expressions only in the cs →∞ limit, which is relevant
to the Rindler case. In the cs →∞ limit,
δuz → ω
2q
hs , (18)
δP → (ε¯+ P¯ )
[
−1
2
htt +
ω
q
hzt +
ω2
2q2
hs
]
+ iηω
(
hxx + h
y
y
)
. (19)
Note that the sound pole (c2sq
2 − ω2 + iΓsωq2)−1 in Eqs. (17) disappears in this limit. At
the same time, the dependence on the bulk viscosity disappears. As a check, substituting
Eq. (18) into the continuity equation gives δε = 0 as expected. Also, some components of
covariant derivatives are
∇xux = −1
2
iωhxx , ∇yuy = −
1
2
iωhyy , ∇zuz =
1
2
iω(hxx + h
y
y) , (20)
so uµ obeys
∇µuµ = 0 . (21)
Then, δT µν becomes
δT tt → 0 , (22a)
δT zt → −(ε¯+ P¯ )
ω
2q
hs , (22b)
δT xx → δP (h) + iηωhxx , (22c)
δT yy → δP (h) + iηωhyy , (22d)
δT zz → δP (h) − iηω(hxx + hyy) , (22e)
in the cs →∞ limit. Several points of Eqs. (22) deserve comment. (i) T zt is not proportional
to hzt [cf., Eq. (12b)]. (ii) The O(iω) terms of T
z
z are not proportional to h
z
z. (iii) While
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Eqs. (17) themselves have a well-defined q → 0 limit, the cs →∞ case does not have a limit.
So, we consider the q = 0 and q 6= 0 cases separately.
We now compare hydrodynamic expressions obtained in this section with the Brown-York
tensor in Rindler space and in the SAdS5 black hole.
3. Sound mode in Rindler space
3.1. Thermodynamic quantities
The (p + 2)-dimensional Rindler space is given by
ds2p+2 = −rdt2 +
dr2
r
+
∑
i
dx2i . (23)
The Rindler horizon is located at r = 0 and the Hawking temperature is given by T = 1/(4π).
We consider the timelike surface r = rc. The Brown-York tensor is given by
T µν =
1
8πG
(δµνK −Kµν) , (24)
where Kµν is the extrinsic curvature of the surface, and K is its trace. In this paper, we
denote the Brown-York tensor as T µν to avoid confusion with the hydrodynamic stress tensor
T µν . For a diagonal metric, the extrinsic curvature takes a simple form:
Kµν =
1
2
nrgµρ∂rgρν , (25)
where gµν is the induced metric on the surface. For Rindler space, gµν = diag(−rc,1). Also,
nr is the unit normal to the r = rc surface: n
r = 1/
√
grr.
We consider the Brown-York tensor with one upper and one lower indices from the following
reasons:
(1) The counterterm takes the form T µν (CT) ∝ δµν (see below), so the counter term
dependence is absent upon metric perturbations.
(2) We chose the Minkowski background g¯µν = ηµν for the hydrodynamic computations.
But this differs from the induced metric used for the Brown-York tensor by r-rescaling,
e.g., gµν = diag(−rc,1) for Rindler space. One way is to transform the Brown-York
tensor from the original coordinates xµ to the proper coordinates xµ˜:
t˜ =
√−g¯tt t , xi˜ =
√
g¯ii x
i . (26)
However, it is not necessary to distinguish xµ and xµ˜ for T tt and T ij since the upper
and lower indices receive the opposite scaling. (This does not apply to T tz, so care is
necessary.)
One can add “counterterms” to the Brown-York tensor. From the AdS/CFT point of view,
the counterterms regularize divergences in physical quantities [17]. They are given by
T µν (CT) = −
1
16πG
(
c1δ
µ
ν + c2G
µ
ν
(p+1) + · · ·
)
. (27)
The coefficient c1 = 2p/L, where L is the AdS radius. G
µ
ν
(p+1)
is the Einstein tensor built
from the induced metric gµν . For Rindler space, G
µ
ν
(p+1)
vanishes since the surface is flat4.
4This will not be the case when one adds metric perturbations. But our primary concern is thermo-
dynamic quantities and transport coefficients. The transport coefficients of first-order hydrodynamics
appear only in O(ω) terms in the stress tensor, while G
(p+1)
µν gives O(ω2, q2) terms, so we can safely
ignore the Einstein tensor.
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We include the boundary cosmological constant term in order to compare with the SAdS5
result (Sec. 4).
For Rindler space, Kµν = diag(1/(2r
1/2
c ),0). Then, one gets
T tt = −
c1
16πG
, T ij =
1
16πG
(
1√
rc
− c1
)
δij , (28)
which gives
ε¯ =
c1
16πG
, P¯ =
1
16πG
(
1√
rc
− c1
)
=
T˜
4G
− c1
16πG
. (29)
Here, T˜ is the proper temperature not the Hawking temperature T :
T˜ (rc) =
1√
−g¯tt(rc)
T . (30)
When c1 = 0, P¯ agrees with the membrane paradigm result [5, 6]. The thermodynamic
relation T˜ s¯ = ε¯+ P¯ gives the entropy density s¯ = 1/(4G). Since the energy density is con-
stant, the stress tensor describes an incompressible fluid, and the speed of sound c2s = ∂P¯ /∂ε¯
diverges.
3.2. Sound mode perturbations
We consider sound mode perturbations in Rindler space. We take the gauge where h∗r = 0
for all ∗, and the metric is given by
ds2p+2 = −r(1 + htt)dt2 +
∑
i
(1 + hii)dx
2
i + 2h
z
tdtdz +
dr2
r
. (31)
We consider perturbations of the form
hµν(t, z, r) = h
µ
ν(r) e
−iωt+iqz . (32)
In the gauge h∗r = 0, the extrinsic curvature takes the simple form (25). The response of
the Brown-York tensor is given by (′ = ∂r)
δT tt = (ε¯+ P¯ )rchs′ , (33a)
δT zt = (ε¯+ P¯ )(hzt − rchzt′) , (33b)
δT ij = (ε¯+ P¯ )rc
[
−hij
′
+ δij(h
t
t
′
+ hs
′)
]
, (33c)
where we used ε¯+ P¯ = 1/(16πGr
1/2
c ). In order to compare the Brown-York tensor with the
hydrodynamic tensor, one needs to rewrite hµν
′
. This requires the Einstein equation.
We first consider homogeneous perturbations q = 0. The Einstein equation with q = 0 gives
hii
′′
+
1
r
hii
′
+
ω2
r2
hii = 0 . (34a)
(r3/2htt
′
)′ = 0 , (34b)
−2ωhzt′ = 0 , (34c)
rhs
′ +O(ω2) = 0 . (34d)
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Equations (34c) and (34d) are two of the “constraint equations” which are first-order
differential equations5. The solution of Eq. (34a) is given by
hii(r) = h
i
i(rc)
(
r
rc
)
−iω
, (35)
where we imposed the “incoming wave” boundary condition at the horizon. The remaining
integration constant is fixed by the Dirichlet boundary condition hii(rc). Equation (35) is
the exact solution for all r. For htt, imposing the regularity condition at the horizon, one
gets htt = h
t
t(rc).
From Eq. (34d), we obtain δT tt = 0, so the Brown-York tensor describes an incompressible
fluid. From Eq. (34d) and htt
′
= 0, the terms proportional to δij vanish, which implies an
incompressible fluid as well. Finally, from Eq. (34c), a non hydrodynamic term in δT zt [the
second term of Eq. (33b)] vanishes.
Thus, the Brown-York tensor becomes
δT tt = 0 , (36a)
δT zt = (ε¯+ P¯ )hzt , (36b)
δT ij =
iω˜
16πG
hij , (36c)
where we used Eq. (35) and ω˜ is the proper frequency. In order to compare the Brown-York
tensor with the Minkowski hydrodynamic stress tensor (12), one needs to rewrite the Brown-
York tensor in proper coordinates t˜ =
√−g¯tt t and xi˜ = √g¯zz xi. In this paper, “ ˜ ” denotes
proper coordinates and proper quantities. Proper frequencies and wave numbers are given
by
ω˜ =
ω√−g¯tt =
ω
r
1/2
c
, q˜ =
q√
g¯zz
= q . (37)
However, as discussed previously, it is not necessary to distinguish xµ and xµ˜ for δT tt
and δT ij except the replacement (37). For the off-diagonal component, δT zt ∝ hzt, so the
expression does not change under the coordinate transformation.
Equations (36) take the same form as the hydrodynamic stress tensor in the cs →∞ limit
(22) with
η =
1
16πG
. (38)
This agrees with the membrane paradigm result and the BKLS result [5, 6, 10, 11]. On the
other hand, the result of an incompressible fluid differs from the membrane paradigm.
From Eqs. (33), the term hs
′ gives δε and the bulk viscosity, but hs
′ = 0 up to first order in
(ω, q), so one immediately has an incompressible fluid. This is true even for q 6= 0 [Eq. (42c)],
thus one expects that the fluid remains incompressible even for q 6= 0. However, it is not
obvious that the Brown-York tensor takes the same form as the hydrodynamic tensor when
q 6= 0. Thus, we turn to the q 6= 0 case in Sec. 3.4.
5 In this paper, we use the word “constraint equations” in the sense of the radial foliation, not the
time foliation.
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3.3. Possible connection with the membrane paradigm?
Our result shows that the Brown-York tensor gives an incompressible fluid, which differs from
the membrane paradigm. However, there is an interesting “coincidence” with the membrane
paradigm if one ignores part of the Einstein equation.
Let us ignore the constraint equation (34d) for a moment, which gives the incompressible
condition. In hydrodynamic analysis, the incompressible condition comes from the continuity
equation (Sec. 2), so ignoring the constraint equation (34d) corresponds to ignoring the
continuity equation. From Eq. (35), hs
′ = −iωhs/r. Substituting this into Eq. (33c) gives
δT ij =
iω˜
16πG
[
hij − δijhs
]
. (39)
If one compares this with the hydrodynamic stress tensor (12), one would get
ζ = −p− 1
p
1
8πG
, (40)
which coincides with the membrane paradigm [5, 6, 18]. The original membrane paradigm
focuses on the (3 + 1)-dimensional case, but the extension into the generic dimensions exists
[18]. Note that ζ < 0.
This is an interesting coincidence, and the result may have some relevance with the mem-
brane paradigm. On the other hand, we should stress that this result itself does not give a
consistent hydrodynamic interpretation completely. For example, Eq. (39) seems to lack the
δP term in Eq. (12c). Also, δT tt is nonvanishing, but
δT tt = −(ε¯+ P¯ )iωhs . (41)
Comparing this with Eqs. (12), this is consistent only if iω = −1/2. But this brings us
another issue. First, we consider the hydrodynamic limit |ω| → 0, so it is not clear if such
an interpretation is possible. Second, when |ω| is not small, it is not clear if the O(hs) term
in Eq. (39) is really the viscosity term: the first term and the third term of Eq. (12c) are
not distinguishable.
Thus, the only consistent interpretation is the incompressible fluid by taking Eq. (34d)
into account. But the coincidence (40) is suggestive. This might indicate that the membrane
paradigm is not fully consistent.
3.4. Inhomogeneous perturbations
The Einstein equation consists of second-order differential equations which are dynamical
equations and first-order differential equations which are constraint equations. The dynamics
of the field obeying the constraints is determined by one dynamical equation. They are
referred as the master field and the master equation, respectively. This counting goes as
follows:
◦ For the sound mode in 5-dimensional spacetime, 4 components of metric perturbations
are relevant.
◦ The Einstein equation gives 4 dynamical equations and 3 constraint equations. Thus,
one obtains 1 master equation, which gives the solution for a combination of 4 metric
components.
◦ The solution of the master equation has two integration constants. One is fixed by
imposing the incoming wave boundary condition at the horizon. Thus, one obtains the
solution for a combination of 4 metric components with one integration constant.
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◦ The other 3 components are calculated using 3 constraint equations which give one
integration constant for each component.
◦ In summary, we obtain 4 solutions with 4 integration constants. These integration con-
stants are fixed by imposing boundary conditions at the boundary on each components,
hµν(rc).
In reality, in order to compute the Brown-York tensor, one only needs hµν
′
(rc). They can be
determined from the constraint equations and the master equation. So, one does not have
to solve the constraint equations.
In Rindler space, the constraint equations are given by6
ω
(
2rhs
′ − hs
)
+ 2q
(
rhzt
′ − hzt
)
= 0 , (42a)
−2ωhzt′ + q
(
2rhtt
′
+ htt + 4rh
x
x
′
)
= 0 , (42b)
rhs
′ +O(ω2, ωq, q2) = 0 . (42c)
The master field is hxx which obeys
hxx
′′ +
1
r
hxx
′ +
ω2 − rq2
r2
hxx = 0 . (43)
We solve the master equation by imposing (i) the incoming wave boundary condition at
the horizon and (ii) the Dirichlet boundary condition at r = rc, h
x
x(rc). After imposing the
former boundary condition, the solution takes the form
hxx(r) =
hxx
F
∣∣∣∣
rc
F (r) , (44)
where we fixed the remaining overall integration constant by the Dirichlet boundary condi-
tion hxx(rc). The solution of the master equation in the near-horizon limit r → 0 is given by
Eq. (35). When q = 0, it is the exact solution for all r. This is not the case when q 6= 0, but
the master equation takes the form
hxx
′′ +
1
r
hxx
′ +O(ω2, q2) = 0 . (45)
Thus, Eq. (35) still gives the solution to first order in (ω, q):
F (r) = 1− iω log r +O(ω2, q2) . (46)
For the sound mode, haa = h
x
x, but it is convenient to keep each components separately.
Also, we focus on the five-dimensional case (p = 3) for simplicity. Substitute Eqs. (42) and
6These equations correspond to (t, r), (z, r), and (r, r)-components of the Einstein equation,
respectively.
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(44) into Eqs. (33). To first order in (ω, q), the Brown-York tensor becomes
δT tt = 0 , (47a)
δT z˜
t˜
=
1
r
1/2
c
δT zt = −(ε¯+ P¯ )
ω˜
2q˜
hs , (47b)
δT xx = δP (h) +
iω˜
16πG
hxx , (47c)
δT yy = δP (h) +
iω˜
16πG
hyy , (47d)
δT zz = δP (h) −
iω˜
16πG
(
hxx + h
y
y
)
, (47e)
where
δP = (ε¯+ P¯ )
[
−1
2
htt +
ω
qrc
hzt +
ω2
2q2rc
hs
]
+
iω
16πGr
1/2
c
(
hxx + h
y
y
)
, (48)
= (ε¯+ P¯ )
[
−1
2
htt +
ω˜
q˜
hz˜
t˜
+
ω˜2
2q˜2
hs
]
+
iω˜
16πG
(
hxx + h
y
y
)
. (49)
Again, the Brown-York tensor in proper coordinates xµ˜ takes the same form except for δT zt.
So, we have rewritten δT zt (and δP ) in proper coordinates. The Brown-York tensor takes the
same form as the hydrodynamic stress tensor in the cs →∞ limit (22) with η = 1/(16πG).
4. Sound mode in Schwarzschild-AdS black hole
4.1. Thermodynamic quantities
The SAdS5 metric is given by
ds25 =
( r
L
)2
[−f(r)dt2 + dx2i ] +
dr2(
r
L
)2
f(r)
, f(r) = 1−
(r0
r
)4
, (50)
=
1
u
[−f(u)dt2 + dx2i ]+ du24u2f(u) , f(u) = 1− u2 , (51)
where u = (r0/r)
2. The Hawking temperature is given by T = r0/(πL
2). We take the horizon
radius r0 = 1 by rescaling t and xi, and we set the AdS radius L = 1. The boundary position
will be denoted as u = uc.
The Brown-York tensor and thermodynamic relations give the following thermodynamic
quantities:
T˜ =
1
π
√
uc
1− u2c
, (52a)
ε¯ =
3
8πG
(c1
6
−
√
1− u2c
)
, (52b)
P¯ =
1
8πG
(
3− u2c√
1− u2c
− c1
2
)
, (52c)
s¯ =
ε¯+ P¯
T˜
=
u
3/2
c
4G
, (52d)
c2s =
∂P¯
∂ε¯
=
1 + u2c
3(1 − u2c)
, (52e)
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where c1 is the counterterm dependence (27) (c1 = 6 for asymptotically AdS5 spacetime).
In the above expressions, one can eliminate uc by proper temperature T˜ , but the result is
not very illuminating.
Note that the stress tensor is no longer traceless. Also, one always has ε¯ < 0 for c1 = 0,
which may be troublesome, but ε¯ > 0 for c1 = 6. On the other hand, P¯ > 0 for both values
of c1.
The computation of thermodynamic quantities has some differences in the AdS/CFT dual-
ity. The Brown-York tensor is the stress tensor with respect to the intrinsic metric on the
surface, and it is natural to use the proper temperature. In the AdS/CFT duality, one iden-
tifies the gauge theory metric γµν as gµν = (r/L)
2γµν . As a result, it is natural to use the
Hawking temperature in the AdS/CFT duality. The field theory stress tensor is defined with
respect to γµν . Then, the AdS/CFT stress tensor T (GKPW)µν is related to the Brown-York
tensor as
T (GKPW)µν = −
2√−γ
δS
δγµν
∼
( r
L
)2
T (BY)µν (53)
for p = 3. However, physical quantities from the Brown-York tensor in terms of the proper
temperature take the same from as the standard AdS/CFT expressions in the limit rc →∞
(see below).
Consider two interesting limits, the uc → 0 limit and the uc → 1 limit. They correspond
to the low-T˜ limit and the high-T˜ limit, respectively.
(1) In the AdS/CFT limit (uc → 0), thermodynamic quantities take the same form as the
standard AdS/CFT result:
ε¯ =
3
16πG
(πT˜ )4 , P¯ =
1
16πG
(πT˜ )4 , s¯ =
1
4G
(πT˜ )3 , c2s =
1
3
, (54)
where we used c1 = 6.
(2) In the Rindler limit (uc → 1), they reduce to Eqs. (29):
ε¯ =
c1
16πG
, P¯ =
T˜
4G
− c1
16πG
, s¯ =
1
4G
, c2s →∞ , (55)
where we left the c1-dependence for comparison with the membrane paradigm.
4.2. Sound mode perturbations
We consider sound mode perturbations in the SAdS5 black hole. Again we take the gauge
h∗u = 0, and the metric is given by
ds25 =
1
u
[
−f(1 + htt)dt2 +
∑
i
(1 + hii)dx
2
i + 2h
z
tdtdz
]
+
du2
4u2f
. (56)
Like the Rindler analysis, one can obtain the master equation for the master field after some
algebra. The definition of the master field is not unique, but different definitions are related
to each other describing the same physics. We take the following combination for the master
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field:
Φ(u) = hxx + f
4hxx
′ + 2hzz
′
4q2 − 3f ′ , (57)
which obeys the following master equation:[
u−1f(u)Φ(u)′
]
′
+ V (u)Φ(u) = 0 , (58)
where
V (u) =
uw2
(
4q2 − 3f ′)2 + q2f (15uf ′2 − 36ff ′)+ q4f (16f − 8uf ′)− 16q6uf
u3f (4q2 − 3f ′)2 , (59)
w := ω/(2πT ) = ω/2, and q := q/(2πT ) = q/2.
We again solve the master equation by imposing (i) the incoming wave boundary condition
at the horizon u = 1 and (ii) the Dirichlet boundary condition at u = uc, h
µ
ν(uc). After
imposing the former boundary condition, the solution takes the form
Φ(u) = CF (u) . (60)
The remaining integration constant C is fixed by the boundary condition hµν(uc). We expand
the solution in w and q:
F (u) = (1− u)−iw/2 [F00(u) + (wF 10(u) + qF01(u))
+
(
w
2F20(u) +wqF11(u) + q
2F 02(u)
)
+ · · · ] . (61)
Here, we factorized (1− u)−iw/2 to implement the incoming wave boundary condition at the
horizon. Then, the incoming wave boundary condition becomes the regularity condition for
Fij(u) at the horizon. One can easily check F00 = 1. The master equation has no terms with
odd powers in q, so one can set F01 = F11 = 0 without loss of generality. The solutions are
F 10 = − i
2
ln(1 + u) , (62a)
F 02 = − 2
3u
+
1
3
ln(1 + u) , (62b)
F 20 =
1
2
Li2
(
u+ 1
2
)
− 1
2
{ln 2− ln(1 + u)} ln(1− u) + ln(1 + u)
{
1
8
ln(1 + u) + 1− ln 2
}
.
(62c)
The integration constant C is fixed by the boundary condition hµν(uc). Using the definition
of the master field (57) and the Einstein equation, we obtain C = Cnum/Cden. [See Eqs. (A1)
for the detailed form of Cnum and Cden.]
The response of the Brown-York tensor is given by
δT tt = −
ε¯+ P¯
2
f
uc
h′s , (63a)
δT zt = (ε¯+ P¯ )
(
hzt +
f
2uc
hzt
′
)
, (63b)
δT xx = −
ε¯+ P¯
2
f
uc
(−hxx′ + htt′ + hs′) , (63c)
δT zz = −
ε¯+ P¯
2
f
uc
(−hzz ′ + htt′ + hs′) , (63d)
where we used ε¯+ P¯ = u2c/(4πGf
1/2). In order to compare the Brown-York tensor with
the hydrodynamic tensor, one needs to rewrite hµν
′. Using Eq. (57) together with three
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constraint equations, one can write hµν
′ in terms of hµν and Φ, schematically in the form of
hµν
′ = Aµνα
βhαβ +B
µ
νCF . (64)
[See Eqs. (A2) for the detailed form of A and B.] Substituting Eq. (64) into Eqs. (63), one
obtains the Brown-York tensor written in terms of hµν(uc), schematically in the form of
δT µν = δT µν(hρσ(uc), ω, q) . (65)
We omit the detailed form of the Brown-York tensor since they are rather cumbersome
expressions.
One can compare the Brown-York tensor with hydrodynamics just like the q 6= 0 Rindler
case. However, the full form of the Brown-York tensor is rather complicated, so we focus on
the following two cases below. First, we consider the q → 0 limit and compare the Brown-
York tensor with the hydrodynamic stress tensor (12). Second, we consider the q 6= 0 case
and extract the sound pole.
4.3. Homogeneous perturbations
We first consider homogeneous perturbations. Take the q→ 0 limit in Eqs. (A2) and then
expand it in w. One obtains
htt
′
=
u
(
3− u2)
3f2
hs +O
(
w
2
)
, (66a)
hzt
′ = 0 , (66b)
hxx
′ = − u
3f
hs +
iwu(hxx − hzz)
3f
+O (w2) , (66c)
hzz
′ = − u
3f
hs − 2iwu(h
x
x − hzz)
3f
+O (w2) . (66d)
Substituting them into the Brown-York tensor (63), one obtains
δT tt =
ε¯+ P¯
2
hs , (67a)
δT zt = (ε¯+ P¯ )hzt , (67b)
δT xx = −
ε¯+ P¯
2
c2shs +
iω˜u
3/2
c
16πG
(
hxx −
1
3
hs
)
, (67c)
δT zz = −
ε¯+ P¯
2
c2shs +
iω˜u
3/2
c
16πG
(
hzz −
1
3
hs
)
. (67d)
Again it is not necessary to distinguish xµ and xµ˜ for δT tt and δT ij. Since δT zt ∝ hzt,
δT zt takes the same form in proper coordinates. Equations (67) take the same form as the
hydrodynamic stress tensor (12) with
η =
u
3/2
c
16πG
, ζ = 0 , (68)
which satisfies η/s = 1/(4π).
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4.4. Inhomogeneous perturbations and sound pole
We now consider the q 6= 0 case and the sound pole in the Brown-York tensor. The coefficients
of hµν and h
µ
ν
′
of the Brown-York tensor do not have non-trivial singularities. Thus, the
pole can appear in hµν
′
. But hµν
′
can be written by Eq. (64), so the pole can appear in
the integration constant C. Namely, the pole is given by Cden = 0. From Eqs. (A1), the
hydrodynamic pole is located at
w = d1q+ d2q
2 + d3q
3 + · · · , (69)
with
d1 =
√
1 + u2c
3
, (70a)
d2 = −i1
3
(1− u2c) , (70b)
d3 = (1− u2c)
(1 + u2c)[3− 2 ln 2 + 2 ln(1 + uc)]− 2uc
6
√
3(1 + u2c)
. (70c)
In terms of proper quantities,
ω˜ =
d1
f1/2
q˜ +
d2
f
q˜2
2πT˜
+
d3
f3/2
q˜3
(2πT˜ )2
+ · · · . (71)
We compare this pole with the dispersion relation of hydrodynamic sound mode [19]:
ω = csq − i
(
p− 1
p
ηˆ +
1
2
ζˆ
)
q2
+
1
2cs
[
p− 1
p
ηˆ
(
2c2sτpi −
p− 1
p
ηˆ
)
+ ζ
(
c2sτΠ −
p− 1
p
ηˆ − 1
4
ζˆ
)]
q3 + · · · . (72)
The O(q3) terms are the modification by the second-order hydrodynamics. The coefficients
τpi and τΠ are two coefficients appearing in the second-order hydrodynamics. The coefficient
τpi gives the relaxation time of the shear stress.
Comparing Eq. (72) and Eq. (71) and using η/s = 1/(4π), we obtain7
c2s =
1 + u2c
3(1− u2c)
, (73a)
ζ = 0 , (73b)
τpi =
(1 + uc)[1 − ln 2 + ln(1 + uc)] + 1− uc
2πT˜ (1 + uc)2
. (73c)
The speed of sound cs agrees with the thermodynamic result (52). The second-order
coefficient τpi behaves as follows:
τpi =
2− ln 2
2πT˜
(uc → 0) , τpi = 1
2πT˜
(uc → 1) . (74)
The uc → 0 limit takes the same form as the standard AdS/CFT result.
7 In second-order hydrodynamics, τΠ is defined as τΠ ∝ ζ, so τpi vanishes automatically.
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5. Discussion
5.1. Relation between Rindler and SAdS results
In Sec. 3, the Rindler result gives an incompressible fluid. On the other hand, the SAdS
result gives ζ = 0 even in the near-horizon limit uc → 1. An incompressible fluid is different
from a fluid with ζ = 0. To answer to the question, let us study the relation between the
SAdS black hole and Rindler space.
The Rindler limit of the SAdS5 black hole is given by
u = 1− 8ǫ2r , t = 1
4
tNH , xi = ǫ x
NH
i , with ǫ→ 0 . (75)
Note that xi is ǫ-rescaled, but t is not. The coefficient of 1/4 in the definition of t
NH is neces-
sary to match the SAdS5 Hawking temperature TSAdS = 1/π with the Rindler temperature
TRindler = 1/(4π). Under the rescaling, the SAdS5 metric becomes the Rindler metric up to
an overall rescaling:
ds2SAdS = ǫ
2ds2Rindler . (76)
Consider the perturbations under the rescaling. The momentum is rescaled as
ω = 4ωNH , q =
1
ǫ
qNH . (77)
Since xi is rescaled but t is not, h
z
t must be rescaled as
hzt = 4ǫ h
z
t
NH . (78)
The other components are not ǫ-rescaled since the upper and lower indices receive the
opposite rescaling. In the Rindler limit, the SAdS master equation (58) becomes
[
rΦ′
]
′
+
(
ω2NH
r
− q2NH
)
Φ = 0 , (79)
which is identical to the Rindler master equation (43). The Dirichlet boundary condition for
the master field is also identical to the Rindler case. Using Eqs. (A1),
C =
hxx
F
+O(ǫ2)
∣∣∣∣
uc
, (80)
which reduces to Eq. (44). Thus, the SAdS master field is completely identical to the Rindler
master field. Note that we take the ǫ→ 0 limit while keeping ωNH and qNH fixed. Thus,
q →∞ in this limit.
Even though the SAdS master field is identical to the Rindler master field, why does the
SAdS (ζ = 0) result differ from the Rindler (incompressible) result? In the sound mode com-
putation in Sec. 4.4, we looked at the hydrodynamic regime ω ∼ O(q). But this does not
mean ωNH ∼ O(qNH) in the Rindler limit because of the scaling (77). The Rindler hydrody-
namic regime does not correspond to the SAdS hydrodynamic regime. As mentioned in the
last paragraph, the Rindler hydrodynamic regime actually corresponds to the short wave-
length regime q →∞ in the SAdS hydrodynamic variable. In fact, one can show that the full
SAdS Brown-York tensor (65) reduces to the Rindler Brown-York tensor (47) in the ǫ→ 0
limit. Namely, the full SAdS Brown-York tensor contains not only the SAdS ζ = 0 hydrody-
namics but also the Rindler incompressible hydrodynamics. Thus, there are no contradictions
between the SAdS and Rindler results.
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5.2. Other comments
In this paper, we give the hydrodynamic stress tensor via metric perturbations. Since we
determined the velocity field via metric perturbations in Sec. 2, one could compare our
velocity field with the fluid velocity field in the other approaches such as the BKLS approach.
The BKLS approach [11] uses the ingoing Eddington-Finkelstein coordinates and does not
use our gauge condition h∗r = 0, but it is not difficult to make the coordinate transformation
to our gauge choice. However, in the BKLS approach, the incompressible condition is ∂µu
µ =
0, whereas our incompressible condition is ∇µuµ = 0 [Eq. (21)]. This is because the BKLS
approach takes the boundary condition that the induced metric is flat. It would be interesting
to extend their results for the curved induced metric in order to compare with our results.
Finally, incompressible fluids are interesting subjects to study in hydrodynamics, but one
should note that the Rindler fluid is different from nonrelativistic incompressible fluids in
reality. Namely, the standard nonrelativistic fluids have ε≫ P , whereas Rindler fluid has
ε = 0 when c1 = 0, so it does not satisfy ε≫ P .
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A. Some expressions used in text
◦ The integration constant C of the master field in terms of boundary values hµν(uc):
C =
Cnum
Cden
(A1a)
Cnum = u(4q
2 − 3f ′)2[−2qwhzt + q2fhtt − {q2(1 + u2)−w2}hxx −w2hzz]∣∣∣
uc
(A1b)
Cden = 12q
2uf2(4q2 − 3f ′)F ′
∣∣∣
uc
+ 4[4q6u(−3 + u2) + 27u3w2 − 9q2u2(u+ u3 − 4w2)− 12q4(1 + u4 − uw2)]F
∣∣∣
uc
(A1c)
◦ Explicit expressions of Eq. (64):
htt
′
=
1
6f2
[
−4q2htt + [8w2 + 4q2(f − uf ′)− 3(3f − uf ′)f ′]hxx
+ 4w2hzz + 8qwh
z
t − (4q2 − 3f ′)(3f − uf ′)CF
]
, (A2a)
hxx
′ =
1
12q2f2
[
q
2f(4q2 − 3f ′)htt + [(4q2 − 3f ′)(w2 + q2uf ′)− (4q4 − 9q2f ′)f ]hxx
−w2(4q2 − 3f ′)hzz − 2qw(4qw− 3f ′)hzt
− (4q2 − 3f ′)(3w2 − 3q2f + q2uf ′)CF
]
, (A2b)
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hzz
′ =
1
6q2f2
[
−q2f(4q2 − 3f ′)htt − [8q4f + (4q2 − 3f ′)(w2 + q2uf ′)]hxx
+w2(4q2 − 3f ′)hzz + 2qw(4q2 − 3f ′)hzt
+ (4q2 − 3f ′)(3w2 + q2uf ′)CF
]
, (A2c)
hzt
′ =
1
2qf
[
w(4q2 − f ′)hxx +wf ′hzz + 2qf ′hzt −w(4q2 − 3f ′)CF
]
. (A2d)
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